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Abstract. Weyl group multiple Dirichlet series, introduced by Brubaker, Bump, Chinta, Fried- 
berg and Hoffstein, are expected to be Whittaker coefficients of Eisenstein series on metaplectic 
groups. Chinta and Gunnells constructed these multiple Dirichlet series for all the finite root 
systems using the method of averaging a Weyl group action on the field of rational functions. In 
this paper, we generalize Chinta and Gunnells' work and construct Weyl group multiple Dirich- 
let series for the root systems associated with symmetrizable Kac-Moody algebras, and establish 
their functional equations and meromorphic continuation. 



Introduction 

Weyl group multiple Dirichlet series were introduced in the paper [3] by Brubaker, Bump, 
Chinta, Friedberg and Hoffstein, and have been studied in their subsequent works [HOE]. These 
multiple Dirichlet series are defined for a finite root system $ of rank r and a number field 
F containing the 2n-th roots of unity, and unify many examples in number theory that have 
been studied previously on a case-by-case basis, and are expected to be Whittaker coefficients 
of Eisenstein series on metaplectic groups. This expectation is now called Eisenstein conjecture, 
and the conjecture has been proven for the root systems of type A r [6J. Moreover, the theory 
of Weyl group multiple Dirichlet series can be applied to the moments problem of the Riemann 
zeta function and Dirichlet L-functions. A nice survey on this subject can be found in [9]. 

It is remarkable that there are two distinct constructions of these multiple Dirichlet series. In 
the work of Brubaker, Bump and Friedberg [5j [6] , the local coefficients are defined using the data 
from Kashiwara's crystal graph |14| . More precisely, each local coefficient is given as a sum of 
G(v) over the crystals v of the same weight, where G(v) is a product of Gauss sums that are 
determined by the crystal graph. The construction has been completed for most of the classical 
root systems. 

The second construction is due to Chinta and Gunnells |10l 111] , They defined a new Weyl 

group action on the field of rational functions in several variables. The action involves Gauss 

l 
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sums and works for all the finite root systems in a coherent way. By taking an average of the 
Weyl group action, they obtained a deformed Weyl character and defined the local coefficients 
using the deformed character. The two constructions are expected to be equivalent, and the 
equivalence in type A has been established [H [121 [16] . 

Since Kac-Moody root systems naturally generalize finite root systems, it was pointed out 
by Brubaker, Bump and Priedberg [5j [6] that multiple Dirichlet series can be constructed for 
any symmetrizable Kac-Moody root systems. Furthermore, in a recent paper [8], Bucur and 
Diaconu considered the fourth moment of quadratic Dirichlet L-functions over rational function 
fields; this is the first such result where the group of functional equations is infinite, and makes 
it more compelling to develop multiple Dirichlet series for Kac-Moody root systems. Indeed, 
in this paper, we generalize Chinta and Gunnells' construction to the root systems associated 
with symmetrizable Kac-Moody algebras. So Weyl groups are infinite, in general, and a root 
can have multiplicity bigger than one. Still, the results of this paper show that the Kac-Moody 
multiple Dirichlet series have standard properties: absolute convergence, functional equations 
and meromorphic continuation. 

Nevertheless, the construction in the Kac-Moody case requires new ideas. To generalize the 
action of the Weyl group, we have to separate the imaginary roots from the real roots and work 
on a certain sublattice of the root lattice. Although it may be that the field of Laurent series is 
more natural for the space of the action, it is easily seen that it is not closed under the action. 
So it is necessary to consider the space of formal distributions. The issue of convergence tells us 
that the whole space of formal distributions is not closed under the action either. By carefully 
choosing a subspace of the space of formal distributions, we define the Weyl group action and 
generalize Chinta and Gunnells's definition in the finite case. The proper subspace of our choice 
contains all monomials, which allows us to define the action on general formal distributions up 
to convergence. Similarly, the issue of absolute convergence arises and becomes crucial at many 
places, such as in the Weyl group action on the deformed Weyl-Kac character and in the definition 
of the multiple Dirichlet series. Several lemmas are proved to resolve the absolute convergence 
at those places. Finally, we provide the details in the proof of the meromorphic continuation 
and functional equations of our multiple Dirichlet series. In particular, we show how to obtain 
an overlap between regions of analyticity before we apply Bochner's Theorem. It turns out that 
the continuation is not to all of f) but to a convex subcone in the Tits cone as a consequence of 
geometric properties of the action of the Weyl group on the Cartan subalgebra. 
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This paper consists of five sections. In the first section, we fix notations for Kac-Moody root 
systems and for Hilbert symbols, power residue symbols and Gauss sums. In Section 2, we show 
that the Weyl group action on the field of rational functions, defined by Chinta and Gunnells, 
extends to the case of Kac-Moody root systems and to the set of formal distributions, and we 
consider a deformed Weyl-Kac character. In Section 3, the local coefficients of the multiple 
Dirichlet series are defined using the deformed character, and some estimations for the size of 
the local coefficients are made. In the next section, we review results and computations in the 
rank one case and make preparation for a proof of functional equations. In the last section, we 
collect the results of the previous sections, define Weyl group multiple Dirichlet series from the 
local coefficients via twisted multiplicativity, and prove functional equations and meromorphic 
continuation of the multiple Dirichlet series. 

Acknowledgments. The authors are grateful to B. Brubaker, A. Bucur, D. Bump, G. Chinta, 
A. Diaconu, S. Friedberg, and P. Gunnells for helpful discussions and suggestions. 

1. Preliminaries 

We refer the reader to [IB] for a basic theory of Kac-Moody algebras. Let A = j=i be an 
r x r symmetrizable generalized Cartan matrix of rank I, and (f), A, A v ) be a realization of A, 
where A = {a±, a r } C fj* and A v = {hi, h r } C f) such that 

a j (h i )=a ij , i,j = l,...,r. 

Let q(A) be the symmetrizable Kac-Moody algebra associated to (f),A,A v ). Then we have 
dim t) = 2r — I. We denote by <£> the set of roots of q(A) and have $ = U where (resp. 
<&_) is the set of positive (resp. negative) roots. Denote by <& re (resp. $ im ) the set of real (resp. 
imaginary) roots, and put <3?± = 3> rc Pi Q± and $™ = $ im R We fix a decomposition 

(1.1) A = diag(ei,--- ,e r )B, 

where are positive rational numbers and B = (bij) is a symmetric half-integral matrix, i.e. 
bij = bji, bu G Z and bij G |Z. We will write b% = ba. As in Chapter 2 of |13j . we define a 
standard symmetric bilinear form ( , ) on fj* such that 



(a i ,a j ) = b ij for i, j = 1, ...,r. 
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We extend the sets A and A v , and choose bases 

AU{4|fe = l,...,r-/} and A v U {d k \ k = 1, r - 1} 

for f)* and f), respectively, such that 

otj{dk) = or 1, 5k{hj) = or 1 and 5 k {d k >) = 

for j = 1, r and k, k' = 1, ...,r — l. Let P v be the Z-span of the basis A V U{(4 | k = 1, r — I}, 
and let 

f)i = R®P v c[). 

We define 

P = {Aef)*|A(P v )CZ}, 

and 

P+ = {A G r|A(P v ) C Z> }. 

Define Wj G h* (i = 1, r) by 

Ui(hj) = 5ij, uji(d k ) = 0, j = l,...,r, k = l,...,r-l 

and put 

r 

p = J^Wi. 

i=l 

Similarly, we define w t v G f) (i = 1, ...,r) by 

a i( w ! V ) = (S i)-» ^feK V ) = 0, j = l,...,r, k = l,...,r-l 

and put 

i=i 

Define 



Q = Za, and Q+ = 0(Z> o ) ai . 
i=i i=i 
We have the usual ordering on P (and on Q) given by 

A>/i«A-/i£ Q+. 

For [3 £ Q, we write /3 = fciai + • • • + /c r a r and define 

d(/3) = / 3(p V ) = fci + ■ ■ ■ + k r . 
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Let W be the Weyl group of g(A) generated by the simple reflections <Tj £ GL{\]*). We have 
the standard actions of W on \) and on fj*. For w 6 W, we let 

= $ + n u; _1 $_ c $ r ) c . 

We denote by £(u;) the length of to, and define sgn(w) = (— l)^ w \ If £(<7»w) = £(u/) + 1 then 

(1.2) ^(o-iit;) = $(iu) U {m -1 ^}, 
and if i{wai) = £(iu) + 1 then 

(1.3) $(wa i ) = a i (<I>(w))U{a i }. 

Let n > 1 be an integer and let F be an algebraic number field that contains the group Hin 
of 2n-th roots of unity. Let S be a finite set of places of F containing the archimedean ones, all 
those which are ramified over Q and enough others so that the ring og of S'-integers is a principal 
ideal domain. We embed Os into F$ := YiveS^ v a l° n § the diagonal. We choose a nontrivial 
additive character ip of Fs such that i/j(xos) = 1 if and only if x € Os- Let Soo be the set of 
archimedean places in S, and Sfi n be the set of the nonarchimedean places so that S = U Sg n . 
We denote 

Foo= Yl F v and F fin = J] F v . 

Then Fs = F^ x Ffi n . Let (x,y)s = Tl V £s(- Xv > ^ e ^ ne •S'-Hilbert symbol, where we take 
the same convention on ( , ) v as in [I], i.e. it is the inverse of the symbol used in |17j . If c, d 
are coprime elements of 05, let (4) denote the re-th power residue symbol. Then we have the 
reciprocity law 

We fix an isomorphism e : /i n — > {x 6 C x | x n = 1} and will suppress this isomorphism from the 
notation. If t is any positive integer and a, c G 05, we define the Gauss sum 

g(a,c;t)= ^ (^) ^ 

d mod c 

For x, y 6 (Fg) r and for each i, we define 
(1-4) (x, y )|, = (x 4 ,^ \\{x l ,y j )f 3 . 

j>i 
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where x = (xi, • • • , x r ) and y = (y±, ■ ■ ■ , y r ), and set 

(x,y)f = n(x,y)g i . 

We also define 

when x,y G (F 5 x rn(o s ) r . 

Let Q, = OgFg ,n where Fg' n is the subgroup of n-th powers in Fg , and let A4b(Q) be the 
space of functions VP : (Fg ) r — > C such that 

*(ec) = (e,c)f *(c) 

when eeff and c G (i^) r . If r = 1 and 5 = (i) we simply write Mb(&>) = Mt(ty. 



2. Weyl Group Action on Formal Distributions 

In this section, we generalize the Weyl group action on the field of rational functions, defined 
by Chinta and Gunnells, to the case of Kac-Moody root systems and to the space of formal 
distributions up to convergence. To achieve this goal, we first choose a proper subspace of the 
space of formal distributions, which is closed under the action, i.e. a subspace where the action is 
always convergent. Since the subspace contains all the monomials, we will be able to define the 
action on general formal distributions up to convergence. In particular, the Weyl group action 
on the deformed Weyl-Kac character will be well-defined. 

Let q be a positive integer > 2. We consider a collection of complex numbers j(i) G C, indexed 
by the integers modulo n, and such that 7(0) = —1 and 

j(i) r y(—i) = 1/5 ifi^O mod n. 

We also define 

m(a) = \ SSfrfcjT ifaGd> re , 
{ n if a e $ im . 

Let A = C[Q] be the group algebra of the lattice Q. An element / G A can be written as 

/ = E/3GQ c (/5) x/? ( C (P) e <C) with almost all c(/3) zero. We identify A with Cfxf 1 ,--- ,xf l ] 
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via x Qi i y X{. We also let B = C[[x±, ■ ■ ■ ,x r ]] be the ring of power series. More generally, let 
£ = C[[xf , • • • , x^]] be the set of formal distributions, which we identify with the set of elements 

£>(/3)x^ c(/3)e<C, 

/3GQ 

so that we have 

Ac£ and Bc£. 

Assume fi = YlpeQ c «(/5) x' 3 G £ (1 < i < A;). We say the product f\ ■ ■ ■ /& is defined if for any 
7 G Q, the sum 

C(7)= E aWi)---Ck(f3k) 

/9i+-+/3 fc =7 
/3iSQ,l<i<fc 

is absolutely convergent. If this is the case, we define 

It follows that if a product is defined in £, it is independent of the order of its factors. For 
example, we have 



£**"') £^ N£ 

/ \A:>0 / fceZ 



However, the following product is not defined: 



(1 -x c 



v fc>0 

The use of formal distributions are common in the theory vertex operator algebras. For more 
details on formal calculus, see, e.g. [151 Chapter 2]. 

We shall say that / £ £ is invertible if / 6 Cfx^ 1 , • • • , a;" 1 ] C £ , and / is invertible in the ring 
^[x^ 1 , • • • ,2V" 1 ]. Its inverse in this ring will be denoted f~ l . For example, 1 — xj l is invertible, 
and its inverse is Yll^Li ~ x i ( n °t ~l2T=o x 7 k )- Let {/«( x )}ie/ be a family of formal distributions. 
We define the sum Yliel /i(x) if the coefficient of each x^ 3 in the sum is an absolutely-convergent 
series of complex numbers. 

Let £' be the subspace of £ defined by 

£' = {/ = E c ^) x/3 e £ 1 1^)1 « i d{ ^- 

P 



8 KYU-HWAN LEE AND YICHAO ZHANG 

Here \c(/3)\ <C q d ^ means that there exists a positive real number A such that |c(/3)| < Aq d ^ 
for any (3 G Q. Obviously, this subspace contains all the monomials; this is the subspace where 
the action of the Weyl group W is always convergent. For an element / G £ , denote 

|/|(x) = £ |c(/3)| x?, if/(x) = ^c^xl 

Trivially, / G £' if and only if |/| € Obviously i C We write B' = B C\ £'. 

Given / = YlpeQ c{0) x 13 G £, we say /3 G Q is a /ower bound for / if 0(7) / implies (3 < 7. 
It is easy to see that / has a lower bound if and only if / G B[x^[ l , • • • , a;" 1 ]. 

Let Q' C Q be the sublattice of Q generated by m(a)a (a G $>), namely 

Q' = span z {m(a)a | a G <£} = span z {m(a)a | a G < I >re }, 

by the definition of m(a). It is easy to see that Q' lies between nQ and Q and is a sublattice 
of Q. It is also not hard to see that it is invariant under the action of W on Q, by noting that 
m(wa) = m(a) and that $ re is invariant under W. Let v : Q — > Q/Q' be the projection and 
define the subspaces in £': 

£'t, = {f€£'\ Ksupp(/)) C {/?}}, for G Q/Q'. 

Similarly 6^ = 8(1^, hence B' and £g are defined, and 

£'= © S' p . 

0eQ/Q' 

We shall need a lemma on Q'. 

Lemma 2.1. (%) For any 1 < i, j < r, 

2m{a, i )(ot i ,a j ) ^ 
m(aj)(aj,ctj) 

(2) The lattice Q\ = span%{m(ai)ai : 1 < i < r} is W-invariant; hence Q' = Q±. 

(3) For any [5 G Q' and 1 < i < r, /3(/ij) G m{a i )'L . 

Proof. (1) We fix any prime p and denote v p the valuation at p. Assume 

v p ({ai,ai)) = U, v p ({aj,aj)) = tj, and v p (n) = s. 
Since all quantities are integers, we have ti,tj,s G Z>o- Now 

v p (m(ai)) = s — min{tj, s} and v p (m(aj)) = s — minjtj, s}. 
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Since 2(aj,Oj) is divisible by both (ai,ai) and (ctj,aj), we have 

v p (2(ai, ctj)) := k > max{tj, tj}. 

What we are trying to show is 

tj — min{tj, s} < k — min{tj, s}, 

which is obvious by dividing it into two cases: tj < s and tj > s. 

(2) It suffices to prove that aj(m(ai)ai) G Qi for any It holds trivially if i = j. Now 
assume i 7^ j. By explicit calculations, 

2m(a ! )(a i ,a J ) 
m(a i )(a j ,a i ) 

which is in Q\ by Part (1). Hence Q\ is W-invariant, and by definition of real roots, Q' = Q\. 

(3) It is enough to show this for generators of Q' . Since Qi = Q', we need only to prove it for 
the generators of Q\, in which case this is nothing but Part (1). □ 

We write x = (x\, x r ), and define a change-of- variable formula by 

(aix)j = (qxiY^Xj 

for a simple reflection oi G W, where A = (aij) is the generalized Cartan matrix. One can check 
that this definition extends to the whole group W. For (3 = ^kiai 6 Q and tux = (yi,...,y r ), 
w <E W, we define 

{wxf = y kl ■■■y k /. 

Then we have 

(2.2) (trac)" = g^" 1 /?-/?)^-^ for wGlf. 

In particular, we obtain 

{a^f = {q Xi )-^ h ^. 

In the rest of this section, we fix A G P+. We define a shifted action of VF on Q (treating Q as 
a set) by 

cJi-/? = cj i (/3-A-p) + A + / 9, /3GQ, i = l,...,r. 
For any /3 G Q, we set 

W)A (/3) = ^(/3) = (A + p — /3)(^), * = 1, -,r. 
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Then we have 

(2.3) = fjbi(0) - Pfa), <Ti • P = + [ii(P)ai = (Tift + fjLi(0)oti, (lifa- P) = -Im(P), 

0i ■ (P + 7) = °i • P + °i7> and fJ-i(P + 7) = Vi(P) - 7 (hi). 

Now we define the action of W on £'. First, fix a generator <jj 6 W and put m = m(aj) for 
the moment. For an integer k, we denote by [k] m the largest multiple of m that is smaller than 
or equal to k. We define, for any p G Q, 

00 

^/j,i(x) = (gx Ql ) [M!(/3)]m (l - ^(g m_1 x m ^) fc > 

fc=0 

and 

00 

Q/8,i(x) = 7 («/3))g w(/3) (i - (q^ a T m ) Y.(i m ~ l * mai ) k - 

k=0 

Note that "Pg^x) and Q | g )i (x) belong to £' Q . 



Remark 2.4. The definitions of Vn % an d Sfli are slightly different from those in [TT], but the 
definition of the action of cr, will be the same as in [llj . 

Definition 2.5. For P £ Q and each i = 1, •••,r, we define 

(x*Vi)(x) = ^,i(x)x^ + Q w (x)x^. 

Moreover, we extend it to £' by 



v /3e<2 



A 

Finally, if / € £ ' and w = ■ ■ ■ di k £ W, we define 

/U^(x) = /Uo-iiU^ia • • • U^Jx). 

We will show that the above definition indeed defines an action of W on <?'. In particular, 
(x^lxiu) (x) will be well-defined. Using this, we extend the definition of /|^w;(x) to the whole 
space £ of formal distributions up to convergence: 

Definition 2.6. If /(x) = E/3eQ C (P)^ G 5, then for any to G PF, we define 

/| AW (x) = ^c(/3) (x^Uw) (x), 

provided the sum on the right-hand side is absolutely convergent. 
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Now we begin to prove that the action of W on £' is well-defined. It is easy to see that for any 
(3 and i, x^|ao"i(x) G £'. However, this is not enough for our purpose and we need to prove more: 

Lemma 2.7. If f G £ ' , so is f\\(Ti for any i = 1, . . . , r. 

Proof. We need to show that in the expression of f\\ai(x), all coefficients converge absolutely, 
and the resulting distribution is in £'. 

Put m = m(a>i) and assume /(x) = J2/3<eq x/3 - By definition, 

oo 

/U<7i(x) = X) c (^( 1 -9" 1 )(^)^ WIm E(9 m " lxmai )* 

oo 

+ E c(/3)x CT '- /3 7(6 i ^(/3))^( /3 ) ^(g™-^™^ 
/9 fc=0 

oo 

+ (-l)^c(/?)x ,Jl - /3 7(6 i ^(/3))^( /3 )(gx a 0~ m ^(g m ~ 1 x mai ) fe - 

For any 7 G Q, denote 

Ji( 7 ) = {(fc,/3) I /3 + ([^(/3)] m + m/c)a l = 7,fcGZ> ,/3GQ}, 
^2(7) = {(fc, P) I ^ -/5 + m/cQi =7, k G Z> ,/3 G Q}, 
/ 3 ( 7 ) = {(k,/3) I o-i -P + m{k- l)an =7,*; G Z> ,/3 G Q}. 

It is easy to see that in each set, /c and /3 determine each other. Then the coefficient of x 7 in 
f\\ai(x) can be written as ci( 7 ) + 02(7) + 03(7), where 

ci(7) = E c(/3)(l-g- 1 )^(^g( m - 1 ) fc , 
(fe,/9)e/i( 7 ) 

ca(7) = E c(/3) 7 (6 l ^(/3))^^^ m - 1 ) fe , 
(fc,/3)e/ 2 (7) 

c 3 (7) = E {-^W)iih^{m~ m q^ m q {m - 1)k - 

We denote ^(7), for j = 1,2,3, the one obtained from 0^(7) by replacing all terms in the sum 
with their absolute values. 

We prove now ^(7) < 00 and ^(7) <C q d( -^ simultaneously. Here the former gives /|a<t(x) G £ 
and the latter implies it also belongs to £', since |cj(7)| < cfAj). 
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If j = 1 and (k,/3) G ^1(7), we have 

(3 + ([/ii(/3)] m + mk)ai = 7. 

Therefore |c(/3)| < q d W = q d(jyimWU-mk ^ go 

00 

c'i(7)«E^ (7) ~ fc «^ (7) - 

fe=0 

Similarly, we can deal with the case j = 2 and j = 3. □ 

Remark 2.8. The proof of Lemma 12.71 actually shows that we do not need to work out the 
multiple sums in each step of calculating /|a<7?i \\ai 2 ■ ■ ■ \\ai k (x), because all of the fc-multiple 
sums for the coefficients are absolutely convergent. To see this, we first replace / with |/|, and 
at each step of applying one simple reflection, we replace all Cj(7)'s by c^(7)'s as in the proof. 
At each step we have an element in £' with all coefficients positive, and in the end we have an 
element in £' , say g. On the other hand, the sum for any coefficient in any of the resulting 
products should be absolutely bounded by the corresponding coefficient in g, hence absolutely 
convergent. 

Lemma 2.9. (1) Let w G W. Then /(x) G £' if and only if f(wx) G £' ; and /(x) G £q if and 
only if f(wx) G £' . 

(2) Let f\ G £q, /2 G £' and assume \f\ \ I/2I G £' . Then for any i, we have 

(2-10) (/l/ 2 )U^(x) = fl(<TiX)(f2\\<Ti)(x). 

In particular, this holds automatically if f\ or fi is a monomial. 

Proof. For (1), we only need to prove one direction from each statement. By the definition of 
change of variable, if /(x) = c(/3)x^, 

/H :=^2c w (f})^ =^c(^)?*-^)/. 



Then the coefficients of f(wx.) 

M/3)| = IcO^lg^-^ < q d{wp) q d{p-wp) = g d(/3)_ 

Hence the first statement is true. The second statement is now obvious, since Q' is invariant 
under the action of W. 
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For (2), we first prove the case when f\ is a monomial. Let m = m{cti). The assumption 
I fi I I/2 1 € £' is valid and both sides of (|2.10p are defined. By the definition of the action of (Xj, it 
suffices to assume that / 2 is also a monomial. Let /i(x) = x' 3 , (3 £ Q' and / 2 (x) = x a . Then by 
Lemma 12.11 f|2.3|) and the fact that n\bim, it is easy to see that 

cTi • {P + a) = ai(3 + (Ji- a, mip + a) = /Xj(a) - 

7(6j/ii(/3 + a)) = j(bifj,i(a)), [n0 + a)] m = [/ij(a)] m - /3(7ii). 

Since we have 

fax)" = (tpc *)"^^ = q-^x^, 

we obtain 

(x^| A a,)(x) = ^ +Q ,,(x)x" +a + Q^ +Qli (x)x^-^ +a ) 

00 

= (gx ai )[ M ^ a ^ m_/3 ^^(l — l/g) y^(g m ~ 1 x ma ') fc x /3+a 

fc=o 

00 

+7(6 i /x i (a))^( Q )- /3 ^)(l - (9X ai ) _m )^(? ffl4 x ma fx (ri ' 3+ffi ' a 
= (a l x)^ Qii (x)x a + ( f r i x)^Q a , i (x)x— 

Let us consider the general case. Assume 

/i(x) = J] Cl (/3)x", / 2 (x) = ]T c 2 (/3)x", and (/i/ 2 )(x) = £ c(/3)x". 

Formally, 

(/l/ 2 )U^(x) = ^c(^)(x^| A a i )(x) 

= £ c 1 (/3 1 ) C2 (/3 2 )(x^x^)| A a i (x) 

/8i,/8 2 eg 

= £ c 1 (/3 1 )c 2 (/3 2 )( ( 7 i x)^x^| A a i (x) 
= /lfax)/ 2 | A cr;(x), 

by the monomial case we just proved. What is missing in the calculation above is the well- 
definedness of the product in the last line. However, by the assumption that |/i| |/ 2 | £ 5' and 
elementary calculations, we can see that all coefficients in this product are absolutely bounded 
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by the corresponding coefficients in | /2 1 ) I AC"i ( x ) which belongs to £' by Lemma I27T1 Hence 
the lemma follows. □ 

Proposition 2.11. Let W be the Weyl group of the symmetrizable Kac-Moody root system <J> 
with symmetrization The action of Oj 's on £' is compatible with the defining relation of 

W; that is, the action ofW is well-defined on £' . 

Proof. The group W is a Coxeter group. More precisely, W is generated by o~i (i = 1, ...,r) and 
the defining relations are 

of = 1, {o-iO- 3 ) m ^ =1 for 1 < i ± j < r, 

where 



2 


if 




= 0; 


3 


if 




= 1; 


4 


if 




= 2; 


6 


if 




= 3; 


oo 


if 




> 4. 



Here x°° = 1 for any x by notational convention. Therefore, we need only to consider the following 
four cases: 

dij = 0, dji = 0, bi and bj are arbitrary; 

dij — 1, CLji — 1, bi — bj , 
dij — 1, dji — 2, bi — 26j , 

dij = 1, dji = 3, bi = 36j. 

We need to verify the relation x.P\\o~f = for each i, and then we need to check in each of the 
four cases whether the action of generators Oj and Oj is compatible with the defining relation. It 
is obvious that we have a very similar situation as in the finite case (Theorem 3.2 [H]). Roughly 
speaking, we have to verify the same identities on Vs and Q's as Chinta and Gunnells did therein 
(up to a slight modification caused from our modification on the Vs and Q's). We will make this 
precise and reduce our verification to theirs. 

Recall the notation A = C[Q] C £' . Consider the multiplicative set S in A generated by the 
set 

{1 - g m *- 1 (irac) fn * ai < : w £ W, 1 < i < r}, 
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and let S _1 A be the corresponding localized ring, namely 

S^A = A[(l - q^-^wx) 171 ^')- 1 : w € W, 1 < i < r]. 
On the other hand, we consider the following ring inside £': 

oo 

K = A ^2(q m - 1 (wx) m * a >) k : w e WA < i < r . 
_fc=o 

Let us first verify that TZ is indeed a ring, that is, all finite products in TZ are defined and belong 
to £'. The generators are all of the form 

oo 

Then a general finite product (i.e., a monomial in TZ) is of the form 

ff(x)/ ft;il (x)---/ Aiii (x), 5 (x) = ^c(/3)x /3 e A. 



The summation in the coefficient C(j) of x 7 in this product is absolutely bounded by 

£ |c(/3)|g- fcl — fei ^)-^) 



0M,- M>o 

P+kim^P^ hfc ! m i! /3 ; =7 

E E i^k 

k 1 m il /3 1 -\ h/c!m i; /3 i =7-/3 



-fei k ln d(~/)-d(0) 



« E E ic(/3)k- fci -- fc! ^ (7) - d(/3) 

/3 fci,-,fc,>0 

« Ei c (^~ d(/ V (7) 

since g & A and c(/3) = for almost all (3. Therefore TZ is a ring. 

Consider now the inclusion A TZ. Since all elements in S* are invertible in TZ under such 
inclusion, there exists a unique injective ring homomorphism S~ l A — > TZ, which is compatible 
with the inclusion. (Actually, this is an isomorphism.) It follows that any identity in S~ 1 A has 
a counterpart in TZ. In particular, all those identities of 7-"s and Q's in S~ 1 A, verified by Chinta 
and Gunnells, can be carried over here in TZ. Note that their P's and Q's in S~ X A have the 
images that are essentially equal to our V's and Q's in TZ. (Notice that our minor modification 
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on T"s and Q's, which is just a redistribution of some monomials to make them belong to £q, 
does not give rise to any problem.) 

Consequently, the compatibility of the PF-action on monomials follows from that of the finite 
case and we refer the reader to Chinta and Gunnells' computations in Theorem 3.2 of [11]. □ 

Remark 2.12. With the above theorem established, the action of W on the whole space £ of 
formal distributions has also been established up to convergence, as we discussed in Definition 
12.61 and the remark above it. 



We denote the multiplicity of a G $ by mult (a) and define 



A(x) = [] (1 - q 



,m(a)d(a) x m(a)a^mult(a) -D(x) = (1 — g m ( Q ) d ( a )- 1 x m ( a! ) a! ) mult ( a ) 



Note that A(x),Z>(x) G B . 



Lemma 2.13 (Compare with Lemma 3.3 in [llj). 



(1) The formal distribution A(u>x) is invertible in £ for each w G W , and we have 



A(x) 
A(wx) 



sgn(w)q d{l3) xP, 



where 




Q 



(2) Let j(w,x) = A(x)/A(u>x). Then the function j(w,x.) satisfies the cocycle relation 



j(ww',x) = j(w,w'x)j(w',x 



for w, w' G W. 
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Proof. (1) Since m(wa) = m(a) and mult (wo) = mult (a) = mult(— a), we have 

= II ( X ~ g m W^ to ~ 1 ^x m W( ,fl " la( )) mult W (using 
ag<i> + 

m(a)(i(it) — a) „m((x){'W~ a) \ mult (a) 



— !ag# 



J~J ^ _ qm(a)d(w 1 a) x m(«)(u) a)^r 

J~J ^m(a)d(w^ 1 a)^m(a)(w^ 1 a) ^mult(a) 

J~J ^ ^m(«)d(a)^.r7i(o)o^mult(ci) J~J ^ ^m(a)d(a) ^m(a)a ^mult(a) 



m(a)d(a) m(a)a n mult (a) 



_ j"J j ] _ q-m(a)d(a) x -m(a)a^mult(a) j"| ^ _ g m ( Q M a ) x ' 
«G'I > (ui) 

It follows from $>(w) C <E> re that mult (a) = 1 for each a G $(w), and we obtain 

A(wx) = I Yl - ? - m («K«) x -™(«)£" j a(x). 

Yag<I>(ui) J 

Since |$(w)| = £(w) < oo, we see that A(uix) is invertible in £. Now we have 

-^L= TT -g m ( a H«)x m M a =sgnHg d ^x^ 
A(iux) - LJ - 

a6<I>(u>) 

where 

(3 = rn(a)a. 

(2) It is straightforward to verify the identity, using the definition of j. It can also be proved 
directly using the part (1). □ 

We need the following lemma to show that some elements to be defined later belong to B. 

Lemma 2.14. Let A G P + and (3 G Q. 

(1) The function 

(wx)" /3 j(w,x)(x /3 | A u;)(x) 
is an element of B for w G W. 
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(2) For any w £ W , the lattice point 

is a lower bound for j(w,x)(l\\w)(x). 

Proof. We prove (1) and (2) simultaneously using induction. If w = 1, there is nothing to prove 
for both of (1) and (2). 

Assume that l(aiw) = £(w) + 1. Then, using Lemma 12.131 (2), we obtain 

(cTjWx) (<JiW, X) (x' 3 | X <TiW) (x) 



((Tiwx) Pj(o- i7 wx)j(w,x) (Vp^x)*/ 3 + Q )3ii (x)x 



\\w 

-{a iW x)-*q^Xwx)^*j(w,x) [v^{wx){x^\ x w) + Q^(wx)(x^\ x w) 
We first consider the term having V factor. By induction, we have 

(wx)~Pj(w,x)(x l3 \xw)(x) G B 

and we need only to consider 



(0-4WX) 



We see that 



c)^(wx) m ^ ai (wx)^^O ai (wxf 

— qP{hi) f wx \P(hi)cH+m(cH)a H +[iJ,i(a)-P(hi)] m ( ai) oii 

Pfa) + m(ai) + [^(0) - /3(/ti)] 
= m(oi) + [^(0) - /9(^)] m(ai ) - (Mi(0) - P(Ih)) + Mi(0) > ^(0). 

Since w~ l a.i > by (II. 2D and /ij(0) > 1, we have proved that the term having V factor is an 
element of B. Putting f3 = 0, we also prove, by induction, that the term having V factor in this 
case has a lower bound 

w- 1 a i + P= £ P- 

Now we consider the term having Q factor. Again by induction, we need only to consider 
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and see that the term is an element of B as well. Putting j3 = again, we have the same lower 
bound as above. This completes the induction. □ 



Since A G P+, we have //j(0) > and consider the sum 
Lemma 2.15. s(x, A) is an element ofB. 

Proof. Lemma 12.141 savs that we only need to show that s(x, A) is well-defined. Consider any 
7 G Q. It is clear from 12.141 that if l{w) is big enough, then our lower bound obtained there will 
be large enough to exclude the x 7 term in j(w,x)(l\\w)(x). In other words, only finitely many 
terms in s(x, A) contribute to the coefficient of x 7 , hence the series is absolutely convergent. □ 

Note that A(x) is a unit in B. We define 

/i(x;A) = A(x) -1 a(x,A) = A(x)- 1 ^ j(w,x)(l\ x w)(x) G B 

and 

iV(x;A) = h(x;X)D(x) G B. 

Remark 2.16. The function h(x; A) should be considered as a deformed Weyl-Kac character. 
More precisely, when n = 1, the change of variables qx. ai i-> z~ Qi for each i makes the function 
z A /i(x; A) the Weyl-Kac character of the irreducible representation V(X) of the Kac- Moody algebra 
q(A). See [13] for the details on Weyl-Kac characters. 

Proposition 2.17 (See Theorem 3.5 in [UJ). The distribution (/i|,\u;)(x, A) is well-defined and 
(h\\w)(x, A) = /i(x; A) ; for each w G W . 

Proof. We first prove that (s|aw)(x, A) is well-defined, and (s|a^)(x, A) = j(w, x) _1 s(x, A). Be- 
cause of the cocycle relation of j, it suffices to prove this for w = a% for any i. Indeed, if we write 
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(l\\w) (x) = ^ /3 c u ,(/3)x /3 , then 

(s| A cJi)(x, A) = ^^c 5i ,(/3)j(ui,cr i x)(x /3 | A cri)(x) 

w 

w p 

= j(<7i,xT 1 ^2j(w(Ji,x.){l\\W(Ji)(x.) 

w 

where the switch of the two summations can be justified by absolute convergence as follows. 

From Lemma f2.14t we know that j(w, x)(l| A u;)(x) has a lower bound given by the sum of roots 
in $(io); namely, all the nonzero terms should have exponents bigger than such a sum of roots. 
Write such a bound as 

j 

and we claim that for any i, Y2j^i c j( w ) ~ * 00 as &( w ) °°- Assume otherwise, then for some 
i, there exists ./V G R + and infinitely many iu's, such that ^2j^iCj(w) < N. For such a w, all 
roots in $>(w) have aj-coefficients less than or equal to N, and we have an infinite family of 
positive roots with all ay -coefficients bounded by ./V for any j 7^ i. Hence, for some fixed real 
root /3 = c j a j with c, < N for each j 7^ i, there are infinitely many positive real roots in the 
set /3 + "Lai. This is a contradiction, since any root string along a real root is finite. 

Now we can prove the convergence by showing that for each 7 G Q there are at most finitely 
many w G W such that 

^c u) (/S)i(u?,o'ix)(x^| A cr j )(x) = (j(w,x)(l\\w)(x)) 
contributes to the coefficient of x 7 . To this end, assume 

3 

and choose £(w) big enough, such that YLjjt% c j( w ) is bigger than Ylj^i^j- Since action by cij 
only produces translates of 7 by multiples of on, such a condition forces the contribution of 

(j(w,x)(l\\w)(x)) \\<Ji 

on coefficient of x 7 to be zero. Therefore the switching of the double sum is justified. 
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Let us prove the proposition. Assume that 

a( X )- i = y,^)* 13 and s(*,\) = Y J <P)* 13 - 

(h\ x w)(x,\) = E I E «(/5)c(7"/3) I (x^M(x) 

= E ( E aO 9 )^ - /3) I M V _/9 M(x) 

= A(wx)- 1 (s| A u»)(x,A) 
= h(x,A), 

and the convergence also follows from this. □ 

Fix an simple root on and let m = m(oti) for the time being. We write iV(x; A) = X^eQ a^x^. 
Given any /3 S Q , we set 

<5/3,i = {/3 + A;maj | k £ Z}, 

and define 

A^(x) = £ a^eB. 

Now choose f3 £ Q and define 

f Afe(x) - 7 (-6i^(/3))((/x^) { - Ml{/3))m ^./3, l (x) 



//3,i(x) = < 



i.^-l^a, ifmt/Xi(^); 

^8,i(x) 



otherwise. 



Here, as before, we denote by (fe) m the remainder upon division of k by m. By our convention, 
1 — q m ~ 1 xY l is invertible in £, with inverse ^2^L q k ( m - 1 )x^ m . 



//3,i0;x) 



Proposition 2.18 (Compare with Theorem 3.6 in [H]). PFe /iaue 

(q, x Q! *) m- w( )/ /3) j(x) otherwise. 
Proof. Assume that mf [ii{/3). We write Np t i(x) = (X^fcez a P+kma l ^ kmai ) x' 3 and define 
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so that we have Np^ix) = i? ( g i j(x)x /3 . we also define 

jV /3 , t (x)+iV (J , / 3, t (x) ff^X^+jy^xK^ 

f fj; x = -. = -. . 

' ^ qm—l-^mai ^ q m ~ lx mQ ' 

We obtain from Proposition 12.171 that 

iV(x;A) 

^ q-m—l-^mai 

is invariant under the action of |aO"i- Indeed, the action is well-defined by the same argument as 
in the proof of Proposition 12.171 The invariance follows from that of h(x, A) and the invariance of 
D(x)(l — g m - 1 x mai )~ 1 under change of variable x — > UjX. Then it implies that Fpi is invariant 
under \\a{. On the other hand, applying Oi to Fp ti , we get 

FgAx) = (Fffi Kcrjlx) = — — — — . 

Using this, we compute further and obtain 

■'PiH I y q—m—lj^—mai 

Now the assertion of the proposition follows from this. 

The proof for the case that m|//j(/3) is similar, and we omit the details. □ 



3. The Coefficients H 

In this section we define the coefficients H and find bounds for them. The coefficients H will 
be the essential data in defining Weyl group multiple Dirichlet series. 

We specialize to be 

\gO-,^;i)/q ifi^O(modn); 
7W = < 

1—1 otherwise, 

where w is a prime in 05 and q is the norm of w in 05. We define 

= (w kl ,- ■ ■ ,w kr ) £ (osY and w P = (zu h , • • • , w lr ) <E (o s ) r 
where /3 = X)i=i ^i^i ^ Q+ an d A = ^[=1 k^i ^ Denote the x^-coefficient of A^(x; A) by 
(3.1) H(w^w P ). 
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We fix a generator w for each prime ideal of 05. For a = (ai,--- ,a r ) G (os) r , we have 
decompositions 

(3.2) a = u[]^ = u[]^, uG(o^) r , 

■CO VJ 

with /3 ro G Q + and A ro G P+ for each prime w. We define H(c; m) for any c, m G (os) r fl (Fg ) r 
in what follows. First we set H(u; m) = 1 for u G (og) V - If we have gcd(ci ■ ■ ■ c r ,c[ - ■ ■ c' r ) = 1 for 
c = (ci, • • • , c r ) and c' = (c^, • • • ,4), we require that the twisted multiplicativity should hold: 

(3.3) H{cc'; m) = £ B (c, c')#(c; m)#(c'; m). 
We also require the relation 



(3.4) #(c;mm') 



/ -1 -B 

m 



H(c;m) 



if gcd(ci • • • Cr, m' x ' ' ' m 'r) = 1 for c = (ci, • • • , c r ) and m' = (m^, • • • , m^.). Now note that we 
have defined the coefficients H(c; m) for any c, m G {os) r H (Fg) r . 

We fix (7 for the time being. Let f)R = R <8> P v C I). For s G f), we write s = 5Ke(s) + >/— T 3m (s) 
with 5Hc(s), Jm(s) G f)R. We define the evaluation map EV q : £ x f} — >■ C by 

^ ^ c ^) x/3 ' s j = E c (^ _/3(s) > 

whenever it is convergent. Similarly, we define |^V| g : £ x f) — > C by 

1^1, (e^' 8 ) =Ei c (/ 3 )^" /3(s) i = Ei c (/ 3 )i^ (5He(s)) ' 

whenever it is convergent. 

Proposition 3.5. Let (3 G Q and w G W , and suppose that 

(3.6) *Ke(a!j(s)) > 1 /or eac/i i = 1, r. 

Then we have 

\EV\ q (j(w,x)(xP\ x w),s) < tfWq-dWqi^-PW-Ms)). 



2-1 
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Proof. We may assume that s is real, i.e. s = 9te(s). We use induction on the length of w. If 
w = 1 then 

\EV\ (j(l,x)( X P\ x l),s) = \EVUx?) = q~^). 



Now assume that i{ajw) = £(w) + 1 for w G W and write m = m(ay). We see from (|1.2p that 
w^otj is a positive root, and we get 



w~ 1 ctj(jr -s) < 

from the assumption. We consider 

\EV\ q (Vpj(wx),s) = \EV\ q ((q(w^)^^ — 



1-1/q 



1 — (q(wx) a i) jq 



I \ [^7 W)\m 

W L OLj (p V — Sj » L J V /J 



1 _ ( g d(w-ia 3 ) g -w-H%0(s)) m /q 
1-1/9 



1_ (^-Wp^s))™/^ 



(3.7) 



< [Mj(/3)]mW 1 a j (p v -s) 



and 



\EV\ q (Q^(wx),s) < \EV\ q [qHW- 



p,i(&) 1 ~ (g(wx)"i) 



(g(iox) a j) /q 



1- (q(wx)^) m /q' 
1-1/q 



(P v -s)/ 



1 



(3.8) 



Combining (|3.7H and ()3.8f) with the computation 



i(cr i u;,x)(x /3 | A cr J u;) = j(aj,wx)j(w,x) (Vpjix)^ + Qp,jX aj ' P ) \\W 



q m (wx) ma Jj(w, X ) V^{wx){^\ x w) + Q /3| >x)(x^'V) 
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we obtain by induction 

\ EV \ q {j( cr j'w, x )(^\xc r jw),sj 

< q (m+l H (P)] m )w-i aj (p v - s ) \ EV \ q (j(w,yL)(xP\ x w),s\ 

+ 2q*W \EV\ q (j(w,x)(^\ x w), 

< 3^) g -rf(/3) g (™+[^(/3)]™)»- 1 ^(P V -s)+(«'- 1 -/3)(P V -s) 

+ 2 • 3^) g -rf(/3) g ("'~ 1 -^-/3)(P V -s) > 

The exponent of q in the first term becomes 

(m + [/i j (/3)] m )u;- 1 a J (p v - s) + (uT 1 • - s) 

< Hjfflw^ajtf - s) + (uT 1 • /?)(/ - s) 

The exponent of g in the second term is 

(w- 1 • <jj ■ /3)(/ - s) = ((a^)- 1 • /?)) (/ - s). 

Therefore, we obtain 

\ E V\ q (j(^^,x)(x /3 | A a i u;),s) < s^)+i q -d(fS) q ((^w)-^^)( P ^- s ) 

□ 

Given /3 G Q+, we define 

ivg } (x; m) = {w P Q +jm ^ ■ m )x^ mai , 

j>o 

where m = m(«j). Let A G P+ be such that ojp is the ro- factor in the decomposition of m, i.e. 
A = A ro in (J3T2]) . We write 

m = m/wp = [mi, ' ' > m r)> 
and set = fx^xi^) = (A + p — as before. We put g = and define 



^iV^ ) (x;m)-g- 1 5 K, ro ;-6 i /i i (/3))( g x«0 ( -^ ( « )ra ^ ro L(x;m) . 



4J( x ; m ) = { 



ivff(x;m) 



^ qm—l-^mai 

otherwise . 
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Theorem 3.9 (Compare with Theorem 4.1 in pT|). We have 

[(gx«*)(wW)™-w(o)/(f(x;in) ifm\pa{^ 

fa.i (°"i x ; m ) = \ , . 

(gx™ 1 ) m_ ^ (°) Ay (x; m) otherwise. 



Proof. We first establish the following identities: 

-B 



(3.10) ^7(x;m) 



m 



ZU 



P 



Ng,;(x) and /iy(x;m) 



m 



-B 



fp,i( x ) 



From the twisted multiplicativity, we obtain 



l+jmcti . 



Q 



m 



; +imai ;^m') 

— B 



m 



Q 



m 



u7, 



-B 



i t < fl+l'ma; A \ 



since 



zu- 



M?(x;m) 



= 1. Then we have 

l —B 



m 



/3 



m 



-B 



Since we have <7j • (3 = f3 + /ij(/3)aj and the multiplicativity of the power residue symbol, we 
obtain 

I > ! > 



m 



zu 



a-p 



-B 



-l -B 



m 



P 



On the other hand, 



m 



gim'^w; -6^(/3)) = — g{l, za\ -bim{0)) 



zu 



zu 



h^iiP) 



H2± 

zu 



N Ci .pM 



Now it it straightforward to see that 



/£?(*; m) 



m 



— 



P 



-B 



Thus we have proved the identities in (|3.10p . Now the theorem follows from ()3.10p and Propo- 
sition EM □ 
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4. Rank-One Computations 

In this section, we gather results from [2], [2] and [11] and make some computations as a 
preparation to obtain functional equations of the Weyl group multiple Dirichlet series in the next 
section. 

For j G Z>o, \P G and a £ Os, we define 

V(8,a;%j)= Yl 9(a,c;j)*(c)\c\- s \a\ s / 2 . 

This series is absolutely convergent for JHe(s) > 3/2. Let m = n/gcd(n,j) and set 
G m {s) = (p,^ m - 1 ^ s ^T{ms - m)/r(s - 1)) im/2 . 

Define 

V*(s,a;^,j) = G m (s)C F (ms-m + l)V(s,a,V,j) t 
where Cf is the Dedekind zeta function of F. If ^ 6 .Mj(f2) and 77 G i 7 ^ , we define 

§„(c) = (77, c)^^- 1 ^ 1 ). 

The following result is fundamental. 

Theorem 4.1. [2] The function T>* (s , a; ^ , j) /ias a meromorphic continuation to C and is holo- 
morphic except for possible simple poles at s = 1 ± 1/m. Moreover, there exist S -Dirichlet 
polynomials P(s;ar),j) such that 

V*(s,a;*,j) = Yl P(s;ar,,j)V*(2-s,a;^ v J). 

r,eF*/F*'" 

Let m = (mi, ■ ■ ■ , m r ) £ (os) r Pi (F^ ) r be fixed for the rest of this section. Let 21 be the ring 
of Laurent polynomials in i = 1, ...,r, where v runs over the places in S& n . We define 

(4.2) m B {n) = a®«Mfl(fi). 

Then it is natural to set £DTt(0) = 21 <g> .Mt(Q) for f € Z >0 . We write 

Sj = «i(s) for s G fj 

and regard an element of 9Jtg(f2) as a function on fj x (Fg) r . Denote by 1 the diagonal embedding: 

1 : -> (F^) r , a; H> (2,2, • • • 
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If \& G WXb{Q) and a = (a±, ■ ■ ■ , a r ) G (o5/o^) r , we define 

*f (s; c) = (a, ^c))!^ *(s; ai, • • • , a^c, • • • , a r ), 
where the notation (•, -)si is defined in (|1 .41) . 
Lemma 4.3. [3] VFe Ziaue 

*f G9%(0). 
We define a shifted action of W on f) by 

CTj O S = <7j(s - p V ) + p V . 

Now we define an action of cij on 9JTb(Q) as follows. For ^ G 971b (fi), we set 



(a<*)(s;a) = (*(»7)>a)f,i P(s; ; ??mia h % 6^) *(<7<os;ai,- 

where 

a- hi =n a 7 a ' (A<)= n a 7 <Hi - 



The element a /li was denoted by 6j in [TT], while we set hi = ctj) in this paper. 

The following proposition plays a crucial role in describing functional equations. 
Proposition 4.4. [4] If ^ G 9Jts(fi) i/ien cr^ G 

If c = (ci, • • • ,c r ) G (os) r and s G f), we set 



r 



, c .| w,(s)_ 



(4.5) \ c \ s Q = Yl\ci\ a ^ s) = \ C1 \ S1 ■■■\c r \ Sr and |c|J, = JJ 

i=l i=l 

We let c be the (r — l)-tuple (ci, • • • , cj, • • • , c r ) for c = (ci, • • • , c r ), where the hat on a indicates 
that this entry is omitted. Let \I/ G %JIb(£1). We define 

£(si,c;m,*,£) = ^ #(ci, • • • , q, • • • , c r ; m)*(s; ci, • • • , • • • , c r )|Q| _Si 
o^eos/ol 

2 #(c; m)*(s; c) | c 4 |" S! . 
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We also define 

f(s,c;m,*,i) = ^ H(a, ■ ■ ■ , c i; ■ ■ ■ , c r ; m)*(s; ci, • • • , c;, • • • , c r )|ci|~ Sl |c|~ s |m| P 
o^cieos/og 

^ J ff(c;m)^(s;c)|c| Q s |m||,. 

Let m = m{a.i) and Sj = aii(s). We set 

5*(si,c;m, = G m (si)( F (msi -m + l)£(si, c; m, i), and 

£*(s, c; m, ^, i) = G m (si)( F (msi - m + l)£(s, c; m, ^, i). 

The following proposition adapts the functional equation (Theorem l4.ip of the Kubota's Dirich- 
let series V*(s,a; *f>,j) for our purpose. 

Proposition 4.6. Let C = Ylj^iCj^ 3 ■ Then the function £* (sj,c;m, ,i) (resp. £*(s, c; m, ty, i)) 
has a meromorphic continuation to C (resp. t)) and is holomorphic except for possible simple poles 
at Si = 1 ± 1/m. Moreover, we have the functional equations 

(4.7) £*(si,c;m,^,i) = \Cm i \ 1 ~ s '£*(2 - Si,c;m,ai^,i) and 

(4.8) £*(s, c; m, ^, i) = £*{oi o s, c; m, crj^, i). 

Proof. With Theorem 13.91 established, the meromorphic continuation and functional equation of 
£* follows from Theorem 5.8 of [11]. Now the meromorphic continuation of £* is clear, and its 
functional equation is obtained from that of £* by direct computation. □ 



5. The Multiple Dirichlet Series 

Let m = (mi,-- - ,m r ) G (os) r be fixed. Then we have m = u Y\ m w p ™ , u G (°sYi with 
A ro G P + . Let G 9JIb(^), and we define a function 2T(s; m, ^&) on rj by 

Z(s;m,tf) = ^ J ff(c;m)^(s;c)|c| Q s |m|p, 

c 

where the sum is over c = (ci, • • • , c r ) such that / Cj G 05/05 for i = 1, r. Although this is 
a function on f), except the factor |m|p, it only depends on (s\, - ■ ■ , s r ). 

In order to investigate the convergence of Z(s; m, ty), we first prove the following lemma. 
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Lemma 5.1. Let q be the norm of a prime w 6 0s, and consider 

fD(x) \_ u ^ i_^W^-s)-i N mult(a) 

Assume that 

9^e(ai(s)) > 1 /or eac/i i = 1, . . . ,r. 
Then the product EV q ( -xr4,s) is absolutely convergent for sufficiently large q. In this case, if 



1 VA(x)' 

y\t{eii(s)) > 1 + e for each 1 < i < r, we have 
where the implicit constant only depends on e. 

Proof. We may assume that s is real and that 9^e(aj(s)) > 1 + log g r + e for sufficiently large q 
and for each i = 1, . . . , r. Since we have 

1 _ g m(a)a(/-s)-l ^m(o)a(p v -s) Q _ 

1 _ gm(tt)a(p v -s) l_gin(«)«(p v -s) 

Therefore 

(/Dfx) \\ m ( Q ) Q (p v - s ) 

tt-4>s ) ~ V mult(a) — , , , v , . 

For each k £ Z>o, there are at most r fc linearly independent root vectors all together for positive 
roots with depth k in the Kac- Moody algebra g(A), that is to say, 

^ mult (a) < r k . 



d( Q )=fc 



Then we have 



m(a)a(p v — s) 

£^ 1!^-.) ^ £ mult(a) 



00 00 



< Yl r k q~ k(}og « r+£) = Y Q~ k£ = ~s~Z7\ - Aq ~ € > 



Q 

k=l k=l 



where A could be chosen to be (1 — 2 _e ) _1 . The last assertion of the proposition follows from this 
by taking the natural exponential function and we see that the implied constant only depends on 
e, that is, independent of q. □ 
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Theorem 5.2. Assume that ^ G 9JIb (Q). The series Z(s;m, \I/) absolutely converges for s G f) 
satisfying the condition: 

9te(ai(s)) = 9te(sj) > max{l + log 2 r, 2} for each i = 1, r. 
Proof. We may assume that s is real. Since the function ^ is bounded, it is sufficient to consider 

£|if(c;m)||c| Q s = ;Q ]T \H(^ Q -w^)\\w\-^\ 

/3eQ + 

which only depends on (si, • • • , s r ). We fix for the time being, and write q = \w\. We also 
assume that q is sufficiently large so that we have 

Si > 2 + log ? r + e for each i = 1, r. 

From the definition of H(wq;w^), we have 

^ tf(^; OT ^)<T^) = W g (iV(x;A),s) 



DK 



D(x) 
AC 



4s) ^ ( ^ j(w,x)(l| A ti;)(x),s] . 



Suppose that w = ■ ■ ■ a^ k G W is a reduced expression. Then one can show that 
iiT 1 -/3 = m x (P)<r ik ■ ■ ■ o- i2 a h + ■ ■ ■ + (/3)cr ifc a ife _ 1 + // ifc (/3)a ifc + /?. 
Using this identity with j3 = 0, it is easy to see that 
(5.3) {vj- 1 -0){ P V -s) < -£(w){l+e). 

We obtain from Lemma 15. 11 Proposition 13.51 and (|5.3p that 



\EV\ 



A(x 
Dfx 



< \EV 



< \EV 



A(x 
Dfx 



1 A(x 
Dfx 



> s ) \ EV U ( S i(w s x)(iUw)(x),s) 



} («)- 1 -0)(p v -s) 



^ 3 £(w) g _£(w)(1+e) 



(5.4) 



Afx 



1 + E 



3r 



fc=l 



,1+E 
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for sufficiently large q. 

For a general q, since 5Ke(ai(s)) > 1 + log 2 r > 1 + log 9 r for each i, the same estimation as in 
Lemma 1 5 . 1 1 shows that all factors in 



wLw x ^)\\w\-^ s) 



n 5Z i^^Q' 

^ /3GQ+ 

are absolutely convergent. Therefore, the convergence of the whole product is obtained using 
(ED • □ 



For any a 6 $, we define 

Ca(s) = Cf (1 + m(a)a(s - p v )) , 

and 

G a {s) = G m[a) (1 + 0(8-/)). 

It is easy to see that 

G a (ai o s) = G aia (s) and Ca(^j ° s) = C^aCs). 
Then we have, for w £ W, 

(5.5) G a (Hios) = G w -i a (s) and Ca(w o s) = C w -i a (s). 

In particular, 

G ai (o-j o s) = G- at (s) and C« l (ffiOs) = U,(s). 

Now we define 

GKs)= n G _ a(8)c _ a(8) - 

«e$(u>) 

Let 

5 = {s € f)M | a»(s) = Si > 1 for all i = 1, r}. 
We define the shifted Tits cone X C fjjj to be 

Proposition 5.6. [U H3] TTie shifted Tits cone X is a convex cone, and we have X = f)R if and 
only if \W\ < oo. 
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Let £ = {s G f)i | «i(s) = Si > max{2, 1 + log 2 r} for all i = 1, r}, and we define 

C X. 



Xo = convex hull |J «io£ 

\w&W J 



Theorem 5.7. The Dirichlet series Z(s;m, has meromorphic continuation to all s G f) suc/i 
i/iai 9te(s) G Xo and satisfies the functional equation 

Z(w o s; m, w^f) = G(w, s)Z(s; m, 

/or eac/i u; G W , where the action of w on ^ is given by the composition of simple reflections Oi. 
The set of polar hyperplanes is contained in the W-translates of the hyperplanes Si = l±m(ai)/n. 

Proof. If r = 1, we essentially have the Kubota's series and we are done in this case. Let us 
assume r > 2 from now on. It follows that 1 + log 2 r > 2. 

The Dirichlet series defining Z(s; m, ^) is absolutely convergent by Theorem 15.21 in the region 
Ao defined 

A = { s G t) | <Re(s) G £}. 

We write 

Z(s;m,V) = ^#(c;m)*(s;c)|c| Q s |m| P 

c 

= Yl zZ ^(c;m)^(s;c)|c| Q s |m| P 
£ (sj,c;m,*,i) 



(5.8) = |m|p^ 



c 



where c is the (r — l)-tuple (c\, ■ ■ ■ ,di,--- ,c r ) with omitted. 

With the expression (|5.8p . let us first continue Z(s;m, ^) to a larger region as follows. We 
consider the modified series 

Zj(s;m, = (si — 1 - m(ai)/n)(si - 1 + m(ai) / n) Z (s; m, and 

T(si,c; m, ^, i) = (s» - 1 - m(cti)/n)(si - 1 + m(ai)/n)£(si,c; m, ^, i). 

By Proposition 14.61 -T 7 is analytic on C with a functional equation. We claim that for any e > 0, 
on the region with *Re(si) > 1 + log 2 r + e, we have 

T(si,c; m ,f,i) =0 ( II | Cj | 1+lo g^+ e 



3d 
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where the implied constant is independent of c. Actually, since the multiple sum 

^^(c;m)^(s;c)|c| Q s |m| s P 

c 

is absolutely convergent on the region with 9\z(sj) > 1 + log 2 r + e (1 < j < r), the general term 

over c in (|5.8p is then bounded and the claim follows by taking the infimum. By the functional 
equation, we have for fRt(si) < 1 — log 2 r — e, 

T( Si ,c;m,y,i) = ( |C| 1 - ?He ^n| Ci | 1+lo ^ r+e ] =0 I JJ| Cj .|-»y(i-i»c( Si ))+i+iog 2 r+ £ 
In particular, on the line JHe(si) = 1 — log 2 r — e we have 

-F(si,c;m,f ,i) = O I [J | Cj |i+(i-ay)(l°g 2 H- e ) 

Now by Phragmen-Lindelof Theorem, on the strip defined by 1— log 2 r— e < SHc(sj) < l+log 2 r+e, 
we have the bound 

T( Si ,c;m,^,i) = []|c J | 1+ ( 1 ^'( lo & r+£ ' 

Finally, by putting the above bounds into Z{ and considering the expression (j5.8j) . we then see 
that for any u G R, there exists a positive real number u' such that the series Z\ (over c) is 
absolutely convergent on the region 

A(u, v!) = {s £ [) : $He(ai(s)) > u, !SHe(aj(s)) > u',j / i}. 

Note here that the dependence on variables other than Sj's in |m|p does not affect the abso- 
lute convergence. This provides the analytic continuation of Zi and hence the meromorphic 
continuation of Z, from Ao to Ao U A(u, u'). 

By the functional equations in Proposition 14.61 again, Z can be meromorphically continued to 
o"j o Ao- Now we choose u so that A(u, v!) intersects both Ao and a% o Ao- Since the union of these 
pieces is (simply) connected, the function Z{ is analytic on the union of these regions. Applying 
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Bochner's Tube-domain Theorem, we see that we may continue Z meromorphically to Aj, the 
convex hull of Aq U ct,; o Aq. On this region, we have, by Proposition 14.61 



G(ai, s)Z(s; m, *) = — ^ V S *(s, c; m, «y, 



y^g*(q-i o S, c; m, cr^, i) 



G ai (ai o s)( ai (ai o s) 
= ySjajQ s,c;m,cr^,i) 

c 

= Z(tTi o s, ;m,(jj*). 

Now we extend the meromorphic continuation to 9te(s) G Xo- The argument is similar to that 
of the finite case ([3j d]), though we need to make some modifications. If Ai = f) or A2 = f), we 
are done. If not, we consider Ai U A2. It is easy to see that the union is simply connected since 
both are convex. Because they intersect nontrivially, Z is continued to the union. We multiply 
Z by linear factors to eliminate the possible poles on such a union, and then apply Bochner's 
Theorem. Then consider A3 and the union Ai U A2 U A3 similarly. At the end, either we stop 
somewhere and we have continuation to f) or we have continuation to the convex hull, say Aq 1 '', 
of UjAj. In the latter case, repeat the whole procedure from the beginning by replacing Ao by 
Aq 1 ^ , except that all the translates of A^ intersect A^ non-trivially and we do not need to do 
the growth estimate of the £-series. 

Such a process may not stop in finitely many steps and it is clear that we need more and more 
linear factors to eliminate the poles of Z as we carry out this procedure. However, since any 
s £ f) with 9le(s) G Xo is contained in a union of a finite number of VF-translates of Aj's, we need 
at most finitely many steps to continue Z to s, therefore at most finitely many linear factors in 
such a continuation. 

The functional equation 



Z(w o s; m, wV) = G(w, s)Z(s; m, *) 



for each w £ W can be proved using (jl.2p . (|5.5p and induction, along with the continuation. The 
possible polar hyperplanes are clear from our continuation and the poles of Kubota's series. We 
are done with the proof. □ 
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Example 5.9. Let us consider the hyperbolic Kac-Moody root system associated with the gen- 

eralized Cartan matrix A = . Then the Weyl group W is the free group generated by 

V-3 2 J 

the simple reflections a± and o<i- As in the proof of Theorem 15.71 we let Aj be the convex hull of 
Ao U (<t, o Ao) for i = 1,2. Then the projections on the real plane of the regions Ai and A2 are 
given by 

k\\ 3x + y > 5, 3x + 2y > 10, y > 2 

and 

A 2 : x + 3y > 5, 2x + 3y > 10, a; > 2, 
where x = 5Re(si) and y = 9le(s2). The shifted Tits cone X is given by 

X : (3 + \/5> + 2y > 5 + y/E, (3 - \/5)x + 2y > 5 - y/E. 

On the other had, the boundary of the convex hull 3Eo is the piecewise linear curve connecting 
the points in each column of the following: 

(2,2) (2,2) 

(0,5) = (7! o(2, 2) (5,0) =ct 2 o(2,2) 

(-3, 12) = aids o (2, 2) (12, -3) = a 2 a x o (2, 2) 

(-10, 30) = (TiCTaai o (2, 2) (30, -10) = a 2 a 1 a2 o (2, 2) 



In particular, (3/2,3/2) £l \ Xq. 
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